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Abstract 



Several two-dimensional quantum field theory models have more 
than one vacuum state. Familiar examples are the Sine-Gordon and 
C^ ' the (p2-^'^odel. It is known that in these models there are also states, 

called kink states, which interpolate different vacua. A general con- 
struction scheme for kink states in the framework of algebraic quantum 
field theory is developed in a previous paper. However, for the appli- 
cation of this method, the crucial condition is the split property for 
wedge algebras in the vacuum representations of the considered mod- 
els. It is believed that the vacuum representations of P(0)2-models 
fulfill this condition, but a rigorous proof is only known for the mas- 
sive free scalar field. Therefore, we investigate in a construction of 
kink states which can directly be applied to a large class of quantum 
field theory models, by making use of the properties of the dynamics 
of a P{(p)2 and Yukawa2 models. 



1 Introduction 

Studying 1 + l-dimensional quantum field theories from an axiomatic 
point of view shows that kink sectors naturally appear in the theory 



of superselection sectors [20, 21, 52 1. This paper is concerned with the 



construction of kink sectors for concrete quantum field theory models, 
like P{4>)2 and Yukawa2 models.|j 

Our subsequent analysis is placed into the framework of algebraic 
quantum field theory which has turned out to be a successful formal- 
ism to describe physical concepts like observables, states , superselec- 
tion sectors (charges) and statistics. These notions can appropriately 
be described by mathematical concepts like C*-algebras, positive lin- 
ear functionals and equivalence classes of representations. For the 
convenience of the reader, we shall state the relevant definitions and 
assumptions here. 

Let O C M^'* be a region in space-time. We denote by 21(0) the 
algebra generated by all observables which can be measured within O. 
For technical reasons we always suppose that 2l(0) is a C*-algebra 
and O is a double cone, i.e. a bounded and causally complete region. 
Motivated by physical principles, we make the following assumptions: 

(1) The assignment 

21 : O ^ 2l(0) 

is an isotonous net of C*-algebras, i.e. if Oi is contained in O2, 
then 2l(Oi) is a C*-sub-algebra of 2l(02)- The isotony encodes 
the fact that each observable which can be measured within O 
can also be measured in every larger region. Furthermore, the 
C*-inductive limit 

C*(2l) 

of the net 21 can be constructed since the set of double cones is 



directed. We refer to |51] for this notion. 

(2) Two local operations which take place in space-like separated 
regions should not influence each other. The principle of locality 
is formulated as follows: If the regions Oi and O2 are space- like 
separated, then the elements of 21(01) commute with those of 
21(02). 



^ Parts are extracted from the PhD thesis K 



(3) Each operator a which is locahzed in a region O should have an 
equivalent counterpart which is localized in the translated region 
O + X. The principle of translation symmetry is encoded by the 
existence of an automorphism group {ax'-,x G M^'^} which acts 
on the C*-algebra C*(2l) such that a^ maps 21(0) onto 2l(C'+x). 

A net of C*-algebras which fulfills the conditions (1) to (3) is called 
a translationally covariant Haag-Kastler net. 

In order to discuss particle-like concepts, we select an appropri- 
ate class © of normalized positive linear functionals, called states, of 
C*(2l). We require that the states cv £ & fulfill the conditions: 

(1) There exists a strongly continuous unitary representation of the 
translation group U : x ^^ U{x) on the GNSQ-Hilbert space Ti 
which implements the translations in the GNS-representation tt, 
i.e. 

7r(ai.a) = U{x)'n{a)U{—x) 

for each a £ C*(2l). 

(2) The stability of a physical system is encoded in the spectrum 
condition (positivity of the energy), i.e. the spectrum (of the 
generator) of U{x) is contained in the closed forward light cone. 

These conditions are also known as the Borchers criterion. States 
which satisfy the Borchers criterion and which are, in addition, trans- 
lationally invariant are called vacuum states. 

Kinks already appear in classical field theories and the typical sys- 
tems in which they occur are H-l-dimensional. Familiar examples are 
the Sine-Gordon and the (/>2-model. We briefly describe the latter: 

The Lagrangian density of the model is given by 

£(0,x) = ^ d^(l){x)d^(l){x) - U{^{x)) 

where the potential U is given by 

U{z) := A/2 (z^ - af . 
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G 6, wc obtain via GNS-construction a Hilbert space TC, a 
representation tt of C*(2l) on H and a vector H. G H such that (fi, Tr{a)n) — Lu{a) for each 
a e C*(2l). The triple {n,TT,n) is called the GNS-triple oi uj. 



The energy of a classical field configuration (f) is 
E{cP) = y dx Q(ao0(O,x))2 + i(9i0(O,x))2 + [/(,/.(0,x)) 

With the choice of U, given above, the absolute minimum value of U 
is zero and thus the energy functional E : (p >-^ E{(j)) is positive. 
There are two configurations 4'± with zero energy E{4>±) = 0: 

(/>-l- : (t, x) I— > lb a . 

These configurations are invariant under space-time translations and 
represent the vacua of the classical system. 

There are two further configurations (j)s , (ps which are stationary 
points of the energy functional E. They are given by 

(ps : (i,x) I— > a tanh( vAax ) and (pg : (i, x) i-^ —a tanh( vAax ) . 

These configurations represent the kinks of the classical system which 
interpolate the vacua (f)±. Indeed, we have for the kink (pg 

liin (j)sit,x) = (j)±{t,x) = ±a . (1) 

The configuration (pg, which interpolates the vacua (p± in the opposite 
direction, represents the anti-kink of (ps- Both of them have the same 
energy, namely 

Ei^Ps) = E{<Ps) = ^VXa^ . 

From the classical example above, we see that the crucial properties 
of a kink are to interpolate vacuum configurations as well as to be 
a configuration of finite energy. Motivated by these properties, in 
quantum field theory a kink state uj is defined as follows: 



The interpolation property: For each observable a, the hmits 

liin u;(a(i.x)(a)) =a;±(a) (2) 

exist and uj± are vacuum states. Note that equation (^) is the quantum 
version of the interpolation property (||) . 



Positivity of the energy: uj fulfills the Borchers criterion. 

In the literature the concept of kink as described above is often 
called soliton (see [^, |2^) or more seldom lump (see [|lll). In the 
following, we shall use the word kink. 

In [E3], a construction scheme for kink states has been developed 
which is based on general principles. In order to make the compre- 
hension of the subsequent sections easier we shall state the main ideas 
here. The construction of an interpolating kink state is based on a 
simple physical idea: Let 21 be a Haag-Kastler net of W*-algebras 
in 1 + 1-dimensions. Each double cone O splits our system into two 
infinitely extended laboratories, namely the laboratory which belongs 
to the left space- like complement Oll, and the laboratory Orr which 
belongs the right space-like complement O/jjj. In order to prepare an 
interpolating kink state, we wish to prepare one vacuum state uji in 
the left laboratory Oll, and another vacuum state u)2 in the right lab- 
oratory Orr. This can only be done if the preparation of uji does not 
disturb the preparation procedure of uj2. In other words, the physical 
operations which take place in the laboratory on the left side Oll 
should be statistically independent of those which take place in Orr. 

Therefore, we require that there exists a vacuum representation ttq 
such that the W*-tensor product 

is unitarily isomorphic to the von Neumann algebra 

2l.o(OLL)V2t,o(OiJi?) 

where SIttq is the net in the vacuum representation ttq. This condition 
is equivalent to the existence of a type I factor M which sits between 
21.0 (Oi?i?) and 21.0 (Ok): 

2l.o(Oi?ij)cAAc2t.„(OK) . 

Here Or is the space-like complement of Oll- In other words, the 
inclusion 

2t.o(ORi?.)c2t.o(Oi?) (3) 



^ for an unbounded region U, %.,jg{JJ) denotes the von Neumann algebra which is 
generated by all local algebras %.„„{0) with O CU. 



is split. 

A detailed investigation of standard split inclusions of W*-algebras 
has been carried out by S. Doplicher and R. Longo |]ll]. We also refer 



to the results of D. Buchholz ||8[, C. D'Antoni and R. Longo [13| and 
C. D'Antoni and K. Fredenhagen p^ . 

Let uJi and uj2 be two inequivalent vacuum states whose restrictions 
to each local algebra 21(0) are normal. Using the isomorphy 

21^0 (Oll) ^ 2t^o(Oi?fl) = ^noiOLL) V 21^0 (Ofli?) 

we conclude that the map 

ab H^ u)i{a)LL!2{b) , a is localized in Oil and b is localized in Orr, 

defines a state of the algebra C*(2l, Oll U Orji) which, by the Hahn- 
Banach theorem, can be extended to a state uj of the C*-algebra of all 
observables. The state oj interpolates the vacua uji and uj2 correctly, 
but for an explicit construction of an interpolating state which satisfies 
the Borchers criterion, some technical difficulties have to be overcome. 
The condition that the inclusion (|3|) is split is sufficient to develop 
a general construction scheme for interpolating kink states. We shall 
give a brief description of it here. 

Step 1 : We consider the W*-tensor product of the net 21 with itself: 

21 ® 2t : O ^ 21(0) ® 2l(0) 
The map ap which is given by interchanging the tensor factors, 

ap : a\® a2^^ a2® a\ 

is called the flip automorphism. Since the inclusion (^ is split, the 
flip automorphism is unitarily implemented on 2l,ro ® ^tto{Orr) by 
a unitary operator 9 which is contained in 21,^0 21,^0 (O/j) |]l^]. The 
adjoint action of 9 induces an automorphism 

P := (VTO TToy^ O Ad{9) O VTo ® VTo 

which maps local algebras into local algebras. Here we have assumed 
that the representation vro is faithful in order to build the inverse vr^^ . 
For each observable a which is localized in the left space-like comple- 
ment of O we have /3(a) = a, and for each observable b which is local- 
ized in the right space-like complement of O we have /3{b) = api^b). 
Note that /? may depend on the choice of the vacuum representation 

TTq. 
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Step 2: It is obvious that the state 

oj := wi <S>UJ2° P\c*{<X)(s>i 

interpolates uJi and uj2- Let vri and tt2 be the GNS-representations of 
ioi and UJ2 respectively. Then the GNS-representation 

TT = TTl ®Vr2 0/3|c.(a^i) 

of OJ is translationally covariant because the automorphism 

Qa; o /? o a-x o /? 

is implemented by a cocycle 7(x) of local operators in C*(2l). The 
positivity of the energy can be proven by showing the additivity of the 
energy-momentum spectrum for automorphisms like /3. This together 
implies that to is an interpolating kink state. 

In comparison to the work of J. Prohlich in which the existence of 



kink states for the (1)2 ^^'^ the Sine-Gordon model is proven |26, 27], 
our construction scheme has the following advantages: 

© It is independent of specific details of the considered model be- 
cause the split property (^), which is the crucial condition for 
applying the construction scheme, can be motivated by general 
principles. 

© It can be applied to pairs of vacuum sectors which are not re- 
lated by a symmetry transformation, whereas the techniques of 
J. Frohlich rely on the existence of a symmetry transformation 
connecting different vacua. Indeed, according to J. Z. Imbrie 



|40|, there are examples for P{<j))2 models possessing more than 
one vacuum state, but where the different vacua are not related 
by a symmetry. We also mention here the papers of K. Gawedzki 
and S.J. Summers [||]. 

Unfortunately, there is one disadvantage which is the price we have 
to pay for using a model independent analysis. 

© The split property for wedge algebras (|3|) has to be proven for 
the vacuum states of the model under consideration if we want 
to apply our construction scheme to it. It is believed that the 
vacuum states of the P((/))2- and Yukawa2 models fulfill this con- 
dition, but a rigorous proof is only known for the massive free 



Bose and Fermi field |12 



In the present paper, we investigate an alternative construction of 
kink states which can directly be applied to models. It is convenient 
to formulate our setup in the time slice formulation of a quantum field 
theory. The time slice- formulation has two main aspects. First, the 
Cauchy data with respect to a given space-like plane S which describes 
the boundary conditions at time t = 0. Second, the dynamics which 
describes the time evolution of the quantum fields. 

The Cauchy data of a quantum field theory are given by a net of 
V . Neumann- algebras 

S!Jt := {S[R(X) C *B('Ho)j 2r is open and bounded interval in S} 

represented on a Hilbert-space Hq- This net has to satisfy the follow- 
ing conditions: 

(1) The net is isotonous, i.e. if Xi C X25 then 9?t(Xi) C 9Jl(X2). 

(2) The net is local, i.e. if Xi nXs = 0, then m{li) C 5Jt(X2)'. 

(3) There exists a unitary and strongly continuous representation 

[/ : X G M ^ U{-k) G U{no) 

of the spatial translations in S = M, such that Ox := Ad(L'^(x)) 
maps a)T(X) onto TI{1 + x). 

A one-parameter group of automorphisms a = {aj G Aut(9Jt);t G 
M} (Aut(9Jt) denotes the automorphisms of C*(9JI)) is called a dynam- 
ics of the net SDT if the following conditions are fulfilled: 

(a) The automorphism group a has propagation speed ps(a) < 1, 
where ps(a) is defined by: 

ps(a) := \ni{l3'\am{l) C 5Jt(X^,|j|); Vt,X} . 

Here X^ ■.= Z + (— s, s) denotes the interval, enlarged by s > 0. 

(h) The automorphisms {at G Aut(9JI);t G M} commute with the 
automorphism group of spatial translations {ox G Aut(9JI);x G 
M}, i.e.: 

a* o Ox = "x o a* ; Vx, t . 

The set of all dynamics of 9JI is denoted by dyn(S!Jt). 



For our purposes it is crucial to distinguish carefully the C*-inductive 
limit C*(9Jt) of the net 971 and the corresponding C*- and W*-algebras, 
which belong to an unbounded region J <zTi. They are denoted by 

il- 



C*{m,J):= \jTi{l) and Tl{J) := SJ Ti{l) respectively. 

JdJ XCLJ 

The Cauchy data of the P{(j))2- and the Yukawa2 model are given 
by the nets of the corresponding free fields at time t = 0. For these 
Cauchy data it can be proven that the inclusion 

m{iRR) c miiR) 

is split §, 11,11. 

Let us briefly explain how kink states can be constructed if the 
following conditions are assumed: 

(i) The dynamics of the model satisfies an appropriate extendibility 
condition which we shall explain later. 

(ii) The vacuum states are local Fock states which is automatically 



satisfied for P{(t>)2 and Yukawa2 models ||3^, 57 1. 
Step 1 ': We consider the two-fold net 

Like in Step 1 of our previous construction scheme, the split property 
implies that on '^{Xrr) ® dJl{lRR), the flip automorphism is imple- 
mented by a unitary operator 9i [l^. The adjoint action of Oj is an 
automorphism /3-^ which has the following properties: 

(i) The automorphism (3-^ acts trivially on observables which are 
localized in the left complement of Z and it acts like the flip on 
observables which are localized in the right complement of Z. 

(ii) The automorphism /? maps local algebras into local algebras. 

Note that the automorphism /3 does not depend on the dynamics a. 

Step 2': Let wi, a;2 be two vacuum states with respect to a given 
dynamics a. The state 

u := ui (g) UJ2 o /?^|c*(OT)»Ci 



interpolates the vacua uJi and lo2- Moreover, it is covariant under 
spatial translations since for each x the operator 

7(0, x) = {a^®a^){ej)ej 

is localized in a sufficiently large bounded interval. Indeed, the unitary 
operators 

[/(0,x) :=(;7i(0,x)®t/2(0,x)) (^i®7r2)(7(0,-x)) 

implement the spatial translations in the GNS-representation of lo 
where Ui and U2 implement the translations in the GNS-representations 
7ri,7r2 of LOi and L02 respectively. 

Step 3': It remains to be proven that to is translationally covariant 
with respect to the dynamics a. For this purpose, we wish to construct 
a cocycle 7(0, t) such that the operators 

U{t, 0) := {Ui{t, 0) ® U2it, 0)) K TT2)i7i-t, 0)) 

implement the dynamics a in the GNS-representation of uj. The op- 
erator 

7(t,0) := {at (^ at){ej)ej 

is a formal solution. Unfortunately, the ffip implementer 9j is not 
contained in any local algebra and the term (at at){6j) has no 
mathematical meaning unless a is the free dynamics. However, it can 
be given a meaning in some cases. We shall see that for an interact- 
ing dynamics there exists a suitable cocycle of the operators 7(t, 0) 
such that 7(t, 0) is localized in a bounded interval whose size depends 
linearly on \t\. 

In order to formulate a sufficient condition for the existence of 
7(i, 0), we construct an extension of the net 9JI 9Jt. We define S!Jt(X) 
to be the von Neumann algebra which is generated by 9Jt(X) ® 9JT(X) 
and the operator Ox- The net 

Tl:l^ m{T) 

is an extension of 9Jt ® 971 which does not fulfill locality. This is due 
to the non-trivial implementation properties of 6x- We shall call a 
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dynamics a extendible if there exists a dynamics a of 9Jt which is an 
extension of q 03 a. Indeed, 

is a cocycle which has the desired properties. Finally, we conclude like 
in Step 3 of our previous construction scheme that the state 



uj := LUi L02 o f3 



C*(OT)«>C1 



is a kink state where uji,uj2 are vacuum states with respect to the 
dynamics a. 

Since the extendibility condition is rather technical one might 
worry that it is only fulfilled for few exceptional cases. Fortunately, 
this is not true. There is a large class of quantum field theory models 
whose dynamics are extendible. We shall prove that the extendibility 
holds for the following models: 

(i) P((?i))2-models. 

(ii) Yukawa2 models. 

(in) Special types of Wess-Zumino models. 

Note that a Dirac spinor field contributes to the field content of the 
Yukawa2 and Wess-Zumino models, and the nets of Cauchy data fulfill 
twisted duality instead of Haag duality [E3] . According to recent results 



which have been established by M. Miiger |48], our results remain true 
for these cases also. 

Wess-Zumino models have been studied in several papers. We refer 
to the work of A. Jaffe, A. Lesniewski, J. Weitsman and S. Janowsky 



1 41, 44, 45, ^, 43|. It has been proven in |42] that some Wess-Zumino 
models possess more than one vacuum sector. An application of our 
construction scheme proves the existence of kink states for these mod- 
els. 



2 Preliminaries 



In the first part (Section |2.1| ) of this preliminary section, we briefly 
describe how to construct a Haag-Kastler net from a given net of 
Cauchy data and a given dynamics. Examples for physical states 
with respect to an interacting dynamics are given in the second part 
(Section ^). 
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2.1 From Cauchy Data to Haag-Kastler Nets 

We denote by U{Tl) the group of unitary operators in C*(9Jt). Let 
(J5(M, 9Jt) be the group which is generated by the set 

{{t,u)\ teMandue U{m) } 

modulo the following relations: 

(1) For each ui,U2 G t/(9Jt) and for each ti,t2,t G M, we require: 

(t, ui){t, U2) = {t, U1U2) and (t, 1) = 1 

(2) For ui G 9Jl(Ji) and U2 G 97t(J2) with Ji C (J2 + [-|t|, \t\]Y we 
require for each ti G M: 

(tl + t, Ul)(tl, 1^2) = {tl,U2){ti + t, Ui) 

We conclude from relation (1) that (t, u) is the inverse of (t, u*). Fur- 
thermore, a localization region in M x S can be assigned to each element 
in (5(M, m). A generator (t, u), u G 9JI(J) is locahzed in O C M x S if 
{t} xl C O. The subgroup of 0(M, 9Jt) which is generated by elements 
which are localized in the double cone O, is denoted by &{0). 

We easily observe that relation (2) implies that group elements 
commute if they are localized in space- like separated regions. 

The translation group in M^ is naturally represented by group- 
automorphisms of (5(IR, 5Jt). They are defined by the prescription 

(3{t,x){h,u) ■= it + ti,a^u) . 

Thus the subgroup &{0) is mapped onto <5{0 + {t,x)) by /3(j,x)- 
To construct the universal Haag-Kastler net, we build the group 

C*-algebra 53 (O) with respect to <3{0). For convenience, we shall 

describe the construction of 53(0) briefly. 

In the first step we build the *-algebra *Bo(C') which is generated 

by all complex valued functions a on &{0), such that 

a{u) = for almost each u G &{0) . 
We write such a function symbolically as a formal sum, i.e. 

a = y^ a{u) u 
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The product and the *-relation is given as follows: 

ab = y^ a{u) u ■ N^ b^u') u = N^ ( N^ a{u)b{u^ u') j u' 

u u' u' u ' 

a* = 2. a{u~^) u 

u 

It is well known, that the algebra ^q{0) has a C*-norm which is 
given by 

||a|| := sup ||7r(a)||7r 

where the supremum is taken over each Hilbert space representation 
vr of 530(0). Finally, we define 53(0) as the closure of *Bo(0) with 
respect to the norm above. 

The C*-algebra which is generated by all local algebras 53(0) is 
denoted by C*(53). By construction, the group isomorphisms /3(i,x) 
induce a representation of the translation group by automorphisms of 
C*(<B). 

Observation: The net of C*-algebras 

53 := {53(0)|0 is a bounded double cone in M^ } 
is a translationally covariant Haag-Kastler net. 

We have to mention that the universal net 53 is not Lorentz covari- 
ant. The universal properties of the net S are stated in the following 
Proposition: 

Proposition 2.1 : Each dynamics a £ dyn(9Jt) induces a C*-homomorphis'm 

La :C*(53) ^C*{m) 

such that 

for each (t, x) G R^. In particular, 

^a-O^ 2l«(0) := iaCSiO))" 
is a translationally covariant Haag-Kastler net. 
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Proof. Given a dynamics a of 9Jt. We conclude from ps(a) < 1 that 
the prescription 

{t,u) h^ UtU 

defines a C*-homomorphism 

La ■■ c*{^) -^ c*{m) . 

In particular, ta is a representation of C*{^) on the Hilbert space TCq. 
This statement can be obtained by using the relations, listed below. 

(a) 

La{{t,Ul){t,U2)) = atUiatU2 = at{uiU2) = ia{t,UlU2) 

(b) If {ti,ui) and (ti + t,U2) are localized in space-like separated 
regions, then we obtain from ps(a) < 1: 

[l'a{h,Ui), Laih + t, U2)] = at^ [ui,atU2] = 

(c) 

i'a{l3(t,x){'ti,u)) = La{t + ti,a^u) = a(^t^^)at^u 

n 

In general we expect that for a given dynamics a the representation 
La is not faithful. Hence each dynamics defines a two-sided ideal 

J{a) := i-\0) G C7*(») 

in C*(53) which we call the dynamical ideal with respect to a and the 
quotient C*-algebras 

!B(0)/J(a) ^ 2l„(0) 

may depend on the dynamics a. Indeed, if O is a double cone whose 
base is not contained in S, then for different dynamics 01,02 the 
algebras 2tQ,^(0) and 21q,2(0) are different. On the other hand, if the 
base of O is contained in S, then we conclude from the fact that the 



dynamics a has finite propagation speed and from Proposition 2.1: 

Corollary 2.2 : If I (ZT, is the base of the double cone O, then the 
algebra ^aiO) is independent of a. In particular, the C*-algebra 



c*{m) = [jm{i) =|j2ia(o) 

I o 

is the C*-inductive limit of the net 21^. 

From the discussion above, we see that two dynamics with the same 
dynamical ideal induces the same quantum field theory. 
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2.2 Examples for Physical States 

Let us consider the set & of all locally normal states on C*{^), i.e. 
for each state uj £ & and for each bounded interval I, the restriction 



id 



srrt(i) 



is a normal state on Tl{T). 

As mentioned in the introduction, we are interested in states with 
vacuum and particle-like properties, i.e. states satisfying the Borchers 
criterion (See the Introduction for this notion). 

Notation: Given a dynamics a € dyn(9Jt). We denote the corre- 
sponding set of all locally normal states which satisfies the Borchers 
criterion by S(a) and analogously the set of all vacuum states by 
So (a). Moreover, we write for the set of vacuum sectors 

seco(a) :={M|a;G eo(a)} (4) 

where [oj] denotes the unitary equivalence class of the the GNS-representation 
of UJ. 



Examples: Examples for vacuum states are the vacua of the P{<f))2- 
models p2| , p3] . The interacting part of the cutoff Hamiltonian is given 
by a Wick polynomial of the time zero field <j)o, i.e. 

Hi{I) = Hiixi) =: P{4>o) ■■ ixi) 

where xi is a test function with Xl{^) = 1 for x G T and Xx(y) = 
on the complement of a slightly lager region Z D 2. It is well known 
that Hi{I) is a self-adjoint operator, which has a joint core with the 
free Hamiltonian /iq, and is affiliated with "^(I). The operator hiiX) 
induces a automorphism group ax which is given by 

Consider the inclusion of intervals Tq C Ti dX^- Then we have for 
each a G 9Jl(To): 

aii,t(a) = aj2,t(a) 
15 



Hence, there exists a one-parameter automorphism group 

{ai^t £ Aut(9Jl); t G M} such that ai^t acts on a G 9Jt(T) as follows: 

ai,t(a) = aj,t(a) ; Vt G M 

The automorphism group {ai^t S Aut{Tl);t G M} is a dynamics of Tl 
with zero propagation speed, i.e. ps(ai) = 0. 

Since HiiZ) has a joint core with the free Hamiltonian Hq, we are 
able to define the Trotter product of the automorphism groups uq and 
ai which is given for each local operator a G 9Jt(X) by 

at{a) := (ao x ai)t(a) = s- lim (ao,t/n ° <^i,t/nT{a) ■ 

The limit is taken in the strong operator topology. Furthermore, the 
propagation speed is sub-additive with respect to the Trotter product 
H, i.e. 

ps(ao X ai) < ps(ao) + ps(ai) 

and we conclude that a G dyn(9Jl) is a dynamics of Tl. We call the 
dynamics a interacting. 



It is shown by Glimm and Jaffe |32] that there exist vacuum states 



u! with respect to the interacting dynamics a. We have to mention, 
that there is no vector ip in Fock space TCq, such that the state 

a I— > {ip, ail)) 

is a vacuum state with respect to an interacting dynamics q, but there 
is a sequence of vectors (iln) in "^o such that the weak* limit 

oj = w* — lim(il„, -^n) 

n 

is a vacuum state with respect to the dynamics a. 

3 On the Existence of Kink States 



The main theorem (Theorem 3.2) of this paper is formulated in the 
first part (Section |3.1D o f the present section. In order to prepare 
the proof of Theorem |3.2|, we need some technical preliminaries which 



are given in Section 3.2. In the last part (Section |3.3| ), we prove 
a criterion for the existence of kink states (the extendibility of the 
dynamics) which turns out to be satisfied by the P{4>)2 and Yukawa2 
models. 
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3.1 The Main Result 

We now reformulate the definition (see Introduction) of a kink state 
within the time-slice formulation. 

Definiton 3.1 : Let a G dyn(9Jt) be a dynamics of OJt. A state lo of 
9Jt is called a kink state, interpolating vacuum states wi , 0^2 G ©0 («) 
if 

(a) 00 satisfies the Borchers criterion 

(h) and there exists a bounded interval X, such that uj fulfills the 
relations: 

7r|c*(OT,JiL) -^i|c*(an,iz.£) and 'n\c*{m,iRR)- '^2\c''(m,iRR) 

where the symbol = means unitarily equivalent and {7i, vr, Q), {TCj, ttj, 0,j) 
are the GNS-triples of the states uj G &{a) and ujj £ &o{a);j = 
1, 2 respectively. 

The set of all kink states which interpolate coi and 0^2 is denoted by 

&{a\(jJi,u;2)- 

As already mentioned in the Introduction, a criterion for the ex- 
istence of an interpolating kink state, can be obtained by looking at 
the construction method of [^]. In our context, we have to select a 
class of dynamics which are equipped with good properties. Such a 
selection criterion is developed in section y. We shall show that each 
dynamics of a P(0)2-model satisfies this criterion which leads to the 
following result: 

Theorem 3.2 : If a £ dyn(OK) is a dynamics of a model with P{(j))2 
plus Yukawa2 interaction, then for each pair of vacuum states uji, 1x12 G 
©o(a) there exists an interpolating kink state uo G S(a|Li;i,a;2)- 



We shall prepare the proof of Theorem ^^ during the subsequent 

sections. 

3.2 Technical Preliminaries 

Definiton 3.3 : Let 9Jl be a net of Cauchy data. We denote by 
G(97t) the group of unitary operators u G 03(7^0) whose adjoint actions 
Xu '■= Ad(M) commute with the spatial translations, i.e.: 

X« ° Ox = "x o X« • 
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Let a G dyn(9Jl) be a dynamics of the net 9Jl. Then we define the 
following sub-group of G(9Jl): 

G(a,aJt) := {u £ G{M)\xu o «t = a* o ;y„ for each t E M.} 

Remark: Each operator u £ G{a,dJt) induces a symmetry of the 
Haag-Kastler net 21^. 

We make the following assumptions for the net of Cauchy data 971: 

Assumption: 
(a) The net dJl fulfills duality, i.e. 

mil)' = m{iLL) V m{iRR) (5) 

(h) There exists a dynamics ao and a normalized vector Oq in TIq, 
such that 

is a vacuum state with respect to the dynamics oq- 
(c) For each bounded interval X, the inclusion 

{m{TRR),Ti{lR)) 

is split, 
fdj The net fulfills weak additivity. 

According to our assumption, we conclude from the Theorem of 
Reeh and Schlieder that Oq is a standard vector for the inclusion 
(9Jt(2'i:j/j),9Jl(2'/j)) which implies that 

A(J) := {Tl{lRR),mi{lR),^Q) (6) 



is a standard split inclusion for each interval T. and hence (see [fTSf ) 
there exists a unitary operator 

such that for a £ TI(Zil) and b £ dyt{ZRR) we have: 

wj{a (8> 6)u)x = ab 



Thus there is an interpolating type I factor J\f = '^[Tio), i.e. 

ti{1rr) cMc m{iR) 

which is given by 

Hence we obtain an embedding of ^{TCq) into the algebra 971(2"/^): 

^j : F G *B(Ho) ^ wxil 8) F)wj € 97t(x, oo) 
This embedding is called the universal localizing map. 

Remark: We shall make a few remarks on the assumptions given 
above. 

(i) The results, which we shall establish in the following, remain 
correct if the net of Cauchy data fulfills twisted duality instead 
of duality H, g. 

(a) For the application of our analysis to quantum field theory mod- 
els, like P{(p)2- or Yukawa2 models, we can choose as Cauchy 
data tensor products of the time-zero algebras of the massive 
free Bose or Fermi field. The time-zero algebras of the massive 
free Bose field fulfill the assumptions (a) and (b) and it has been 
shown [^, Appendix] (compare also Q) that (c) is also fulfilled. 
Replacing duality by twisted duality, the assumptions (a) to (c) 
hold for the massive free Fermi field, too jSg]. In addition to 
that, we claim that the weak additivity (d) is also fulfilled in 
these cases. 

(Hi) The state wq plays the role of a free massive vacuum state, called 
the bare vacuum. 

Proposition 3.4 : Let u G G(9Jl) be an operator and let X be a 
bounded interval. Then there exists a canonical automorphism Xu with 
the properties: 

(1) The relations 

X«lc*(an,JLz,) = idc*(an,XLL) '^^'^ X«Ic*(ot,Jm) = X«Ic*(ot,2:m) (7) 
hold. 
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(2) There exists a strongly continuous map 'y} j. : T, ^^ C* (9JI) such 
that: 

(i) 

Ad(7f„,j)(x)) = Ox o Xn ° a-x o ixly^ ■ 
(a) The cocycle condition is fulfilled: 

7f„,i)(x + y) = ax(7(l,i)(y))7(n,j)(x) . 

Proof. 

(1) In the same manner as in p3[, we show that 

Ad(^x(l ® u)){Ti{i)) C aJl(J) 

if the interval X contains X. This imphes that 

xl:=M{^j{l®u)) 

is a well defined automorphism of C*(S!Jl). By using the prop- 
erties of the universal localizing map ^j, we conclude that Xu 
fulfills equation (|^). 

(2) By a straight forward generalization of the proof of [p3| , Proposi- 
tion 4.2] , we conclude that the statement (2) holds where 7L j) (x) 
is given by: 

7f„,j) W = ^x+x(l ^ n)^i(l u*) . 
D 

Let (J be a vacuum state with respect to the dynamics a and let 
u S G(a,9Jl), then the state 

'^w := w ° xl 

seem to be a good candidate for an interpolating kink state. Indeed, 
it follows from the construction of Xu that 

^u\c' (an, Jflfl) = ^°Xu\c* (m,iRR) 

^u\c*{m,iLL) = ^\c*{m,iLL) ■ 

Hence a; J interpolates co and to o Xu- To decide whether a; J is a posi- 
tive energy state, we investigate in the subsequent section, how Xu is 
transformed under the action of a dynamics a. 
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3.3 When Does a Theory Possess Kink States? 

Let a be a dynamics and G C G(a, 971) be a finite subgroup. By using 
the universal localizing map ^j, we obtain for each bounded interval 
I a unitary representation of G 

Uj:GBg^ Uj{g) := ^i(l (^ g) e 9Jt(J,j) . 

In the previous section it has been shown that Ux{g) implements 
an automorphism x^ which is covariant under spatial translations 
(Proposition |3.4D . For a dynamics a S dyn(9JI), we wish to con- 
struct a cocycle 7(g,i) in order to show that x^ is an interpolating 
automorphism. The formal operator 

7(g,J)(*,x) := a^t^^){Ux{g))Ux{g)* 

seems to be a useful Ansatz since it formally implements the automor- 
phism 

a{t,K) ° Xg ° «(-t -x) ° (Xg )~"^ • 

Unfortunately, the operators Uj{g) are not contained in C*(9Jt) and 
the term 

ctu^-^\{Ux{g)) has no well defined mathematical meaning. To get a 
well defined solution for Jtg^j), we construct an extension of the net 
9Jt which contains the operators Ui{g) (compare also p8| ). 



Definiton 3.5 : Let G C G(9Jl) be a compact sub-group. The net 
971 X G is defined by the assignment 

9Jl X G : T ^ (971 X G)(J) := 9Jt(J) V Uj{G)" . 



Proposition 3.6 : Let Z he a hounded interval, then the map 

tt'^ : 9Jl(J) y^G3a-g^a Ux{g) G 9Jt(J) V Uj{G)" 
is a faithful representation of the crossed product 9JI(X) x G. 

21 



Proof. First, we easily observe that vr-^ is a well defined representa- 
tion of 

dJt(I) X G. According to ||3^, Theorem 2.2, Corollary 2.3], we conclude 
that the crossed product 9JI(X) xi G is isomorphic to the von Neumann 
algebra 9Jt(X) V Ux{G)" and tt^ is a W*-isomorphism. D 



Definiton 3.7 : A one parameter automorphism group a, which sat- 
isfies the conditions, listed below, is called a G-dynamics of the ex- 
tended net 97t X G. 

(a) a is a dynamics of the net 9Jl x G (See Introduction). 

(h) The automorphisms at commute with the automorphisms Xg-, 
i.e. 

oit ° Xg = Xg ° o^t ; for each i G R and for each g £ G. 
The set of all G-dynamics of 9Jl x G is denoted by dyng(9Jt x G). 



Proposition 3.8 : Let a G dyng(9Jl x G) be a G-dynamics and I be 
a bounded interval. Then the operator 

is contained in Tl{T\^) where I^^ denotes the enlarged interval I + 
( — |t|, |f|) and the operator 

7(9,2) (^,x) := a{^t,yi){Uj{g))Ux{g)* 

fulfills the cocycle condition: 

l{g,X){t + t',^ + ^) = a{t,^){l{g,X){t\^))l{g,X){t,^) ■ 
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Proof. For a £ C*(9Jt, X|(| /j/j), the operator a-t{a) is contained in 
C*{M,Irr) which imphes 



a at{Uxi9))Ujigy 



at{a.t{a)Uj{g))Ui{gy 



= at{Ux{g)xga-t{a))Ux{gy 

= at{Ux{g)a-tXg{a))Ux{gT 

= at{Ux{g))Xg{a)Ux{gY 

= at{Ux{g))Ux{gr a 

and we conclude: 

at{Uxig))Ux{gr G C*{m,I\ti,RRy = Tim\,L) 

By a similar argument, at{Ux{g))Ux{gy is contained in '^{Z\i\ r) and 
we conclude from duality that it is contained in 9Jl(X|f|). The cocycle 
condition for 7(g,i) is obviously fulfilled and the proposition follows. 
D 



Definiton 3.9 : Let a G dyn(9Jt) be a dynamics and G C G(9}T) be 
a compact subgroup. We shall call a G -extendible if there exists a 
G-dynamics a of the extended net 971 xi G, such that 



«i|c*(OT) = «t 



for each t € 



We are now prepared to prove one of our key results: 

Theorem 3.10 : Let a G dyn(9Jl) he a G-extendihle dynamics and 
let Xn ^6 the automorphism which can be constructed by Proposition 



3.4- Then for each vacuum state lo with respect to a the state 



UJ„ 



^°x: 



I 



is a kink state which interpolates uj and lo o Xg- 
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Proof. As postulated, there exists an extension a £ dynQ(9Jl x G) 
of a. We show that for each g £ G the operator 

ll,x)it) := at{Uii9))Uiigr 

implements the automorphism 

on G*(Tl). Indeed, we have for each a £ C*{M}: 

Ad(7°3,x)W)« = atiUxigWiigT aUiig)atiUiig)r 

= MUiig)) (x^)-'(«) MUi{g)T 



at{Ujig)a-t{{x'g)-Ha)]Ux{gr 



at[Uj{g)a.t[{x'g)-Ha)]Ux{gr 



= atoxg oa-to{Xg) \a) 
Finally we conclude from Proposition ^^ that 

7((,,J)(i,x) := a^t,^-j{Uj{g))Ux{gT 

is a cocycle where 7(g,i)(i, x) is localized in a sufficiently large bounded 
interval. By a straight forward generalization of the proof of p3|. 
Proposition 5.5] we conclude that wj is a positive energy state which 
implies the result. D 

The dynamics a of P{(p)2- and Yukawa2 models are locally im- 
plementable by unitary operators. More precisely, for each bounded 
interval 2 and for each positive number r > 0, there exists a unitary 
operator u(T, r|t) with the properties: 

(1) If |ti|, |t2|5 1^1 + ^2! < ■'", then we have 

U{I, T\tl + ^2) = U{2, T\tl)u{I, T\t2) ■ 

(2) For \t\ < r, the operator u{I,T\t) implements at on 9Jl(T), i.e.: 

at{a) = u{I, T\t) a u{I, T\t)* ; for each a E 9Jl(J). (8) 
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Let G C G(a,9Jt) be a compact sub-group. In order to show that a 
is G-extendible, it is sufficient to prove that the operators 

u{li,T\t)Ux{g)u{li,T\tY , 

which are the obvious candidates for a{Ui{g)), are independent of Ti 
for Ti D T and |t| < r. 

Lemma 3.11 : If for each I C Xi, for each r < ti and for each 
g £ G the equation 

u(I,T\t)Ux{g)u{I,T\ty = u{Ii,Ti\t)Ui{g)u{li,Ti\ty (9) 

holds, then the dynamics a is G-extendible. Here n(X, r|t) are unitary 
operators which fulfill equation (^. 

Proof. Let {'In,Tn)neN be a sequence, such that hm„X„ = M and 
liuinTn = oo. We conclude from our assumption (equation (|9|)) that 
the uniform hmit 

atia) := hm Ad(n(X„,r„|t))(a) 

exists. Thus a : 1 1— > q^ is a well defined one-parameter automorphism 
group, extending the dynamics a. It remains to be proven that a 
has propagation speed ps(a) < 1. Since a is an extension of a and 
ps(a) < 1, we conclude for each a £ C*(9Jt,X|t|^^j:j) and for each 

beG*{m,I\t\^LLy- 

ah at{Ui{g)) = at{a-t{a)oi^t{h)Ui{g)) 



= at{Ux{g)a^tXgia)a^t{b)) 

= Oit{Uj{g)) Xg{o)h 

Thus the operator at{Ux{g)) is contained in 9Jt(X|j| j:j) and implements 

Xg on 

9JI(X|t[^^/j). This finally implies: 

at{Uj{g))Uj^,^{gy £Tl{l\t\) 
and the lemma follows. D 

Let us consider the two-fold W*-tensor product of the net of Cauchy 
data, i.e.: 

m®m:i^ aji(x) ® m{i) 
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Observation: 

(i) If the net 9Jt fulfills the conditions (a) to (c) of the previous 
section, then the net 9Jl 9JI fulfills them, too. 

(a) Let Q G dyn(9Jt) be a dynamics of 971, then a®-^ is a dynamics of 
9Jt 9Jt. Note that the flip operator up, which is given by 

Up : Ho fE) Ho ^ Ho (i^ Ho ; ^i ^"2 ^ ^"2 i^ ^i 

is contained in G(a®^, 9Jl (8> 9Jt). Hence Ui? induces an embedding 
of Z2 intoG(Q®2,9Jt® 9Jl). 

('iiij According to Definition |3.5| , we can construct a non-local exten- 
sion 

f^t := (9Jt 971) X Z2 

of the two-fold net 971 (8> 971. Let ^j be the universal localizing 
map of the standard split inclusion 

A(j) A(j) = {m{iRR) ^ \m{iR) ^ 2^ Qo ® fio) 

and define 9j := ^j(l uj?). Then the algebra 971 (X) is simply 
given by 

m{I) = ((97t 9Jt) X Z2)(T) = (97I(J) 97t(J)) V {^j}" . 



(iv) By Proposition 3.4, there exists a canonical automorphism 

/?^:=Ad(0x) , (10) 

associated with the pair (uf,1)- 

Notation: Let a be a dynamics of 971. In the sequel, we shall call a 
extendible if a*^^ is Z2-extendible. 

We conclude this section by the following corollary which can be 
derived by a direct application of Theorem S.lCj : 



Corollary 3.12 : Let a £ dyn(97T) be an extendible dynamics, tfien 
for each pair of vacuum states uii,uJ2 G So(2lo), the state 

to = fJ'pxiuJi 0^2) 
is a kink state. 
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4 Application to Quantum Field The- 
ory Models 

We show that a sufficient condition for the existence of interpolating 
automorphisms, i.e. the extendibihty of the dynamics, is satisfied for 
the P{(j))2, the Yukawa2 and special types of Wess-Zumino models. 

4.1 Kink States in P((/.)2-Models 

We shall show that the dynamics of P{(j)) 2-ion.odels are extendible. As 



described in Section 2^ the dynamics of a P((/))2-model consists of 
two parts. 

(1) The first part is given by the free dynamics oq, with propagation 

speed 
ps(a;o) = 1, 

ao,t(a) = e^-^«*ae-^^°* 

where {Hq, D{Hq)) is the free Hamiltonian which is a self-adjoint 
operator on the domain D[Hq) C TLq. 

(2) The second part is a dynamics ai with propagation speed ps(ai) = 

0, i.e. ai^t maps each local algebra 9Jt(X) onto itself. The inter- 
action part of the full Hamiltonian is given by a Wick polynomial 
of the time-zero field 0: 

H,{I) = Hiixi) = I d^ :P(</'(x)): Xl{^) 

where xi is a smooth test function which is one on X and zero 
on the complement of a slightly lager region X D T. The unitary 
operator exp(itHi(I)) implements the dynamics ai locally, i.e. 
for each a £ 9Jt(X) we have: 

ai,,(a) := e^^^W^ae-^^^^)* . 



Definiton 4.1 : An operator valued distribution v : S{M) -^ LiJ~io) 
is called an ultra local interaction^ if the following conditions are ful- 
filled: 

(1) For each real valued test function / G 5'(M), v[f) is self-adjoint 
and has a common core with Hq. 
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(2) Let / G S(R) be a real valued test function with support in 
a bounded interval T, then the spectral projections of v{f) are 
contained in 9Jt(T). 

(3) For each pair of test functions /i, /2 G 'S'(M), the spectral projec- 
tions of v{fi) commute with the spectral projections of v{f2)- 

Remark: It has been proven in |^], that the Wick polynomials of the 
time zero fields are ultra local interactions. Furthermore, each ultra 
local interaction v induces a dynamics a^ G dyn(9Jt) with propagation 
speed ps(a^) = 0. Let Z he a bounded interval and let xi ^ 5'(R) be 
a positive test function with xi(x) = 1 for each x G T. Indeed, by 
an application of J. Glimm's and A. Jaffe's analysis p^, we conclude 
that the automorphisms 

Q^ : m{I) -^ m{I) ; a ^ Ad( exp{itv{xi)) )a 

define a dynamics with zero propagation speed. In the sequel, we 
shall call a dynamics a"" ultra local if it is induced by an ultra local 
interaction v. 

In order to prove that a dynamics a, which is given by the Trotter 
product 

a = oq X a^ 

of a free and an ultra local dynamics, is extendible, we show that each 
part of the dynamics can be extended separately. 

Since the free part of the dynamics can be extended to the algebra 
55(7^0) of all bounded operators on the Fock space TCq, it is obvious 
that ao is extendible. Thus it remains to be proven the following: 

Lemma 4.2 : Each ultra local dynamics a" G dyn(9Jl) is extendible. 

Proof. Let us consider any ultra local interaction v. For each test 

function 

/ G ^(R), we introduce the unitary operator 

u(f\t) := e^*^(-^) e^*^(-^) . 

Let I he a bounded interval and denote by T^, e > 0, the enlarged 
interval 
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X + (— e,e). We choose test functions x £ 5(M) such that 



(■i,e)( N I 1 X e J 



y.^Xl= J,\R ■ 

For an interval T D T^, the region T^Sl^ consists of two connected 
components (Xe\Xe)-|- and there exist test functions x^ € 5(M) with 

supp(x") C {ie\Ie)- C 111 

SUPP(X+) C {ie\^e)+ C IbR 

Let us write 

n(J,e|i):=u(x(^'^)|t) and u±(t) := n(x±|i). 

Since we have [u(/i|t),u(/2|t)] = for any pair of test functions 
/i) /2 £ 5'(M), we obtain for each e > and for Z^ C T: 

u{i, e\t) = u{I, e|t)n_(t)n+(t) (11) 

If we make use of the fact that u+ (t) is Oir-invariant and locahzed in 
2rr, we conclude that Oj and Uj-^t) commute. Thus we obtain 

Ad(u(X, e\t))ex = Ad(u(T, e|t))0j (12) 

which depends only of the localization interval I since e > can be 



chosen arbitrarily small. According to Lemma 3.11 , the automor- 
phisms 

a1 : m{I) 9 a ^ Ad(n(T, e\t))a G m{I) 

define a dynamics of 971 whose restriction to dJt <E> ^ is a" a"" . Thus 
a^ is extendible. D 

If do denotes the natural extension of the free dynamics a® to Tl 
and let a'" be the extension of the ultra local dynamics a'" O a" then, 
by using the Trotter product, we conclude that the dynamics 

a := ao X d" 

is an extension of the dynamics (oq x a^)*^^ to 9Jt. This leads to the 
following result: 

Proposition 4.3 : Each dynamics of a P{(f))2-model is extendible. 
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Proof. The statement follows from Lemma 4.2 and from the fact 
that each dynamics of a P(</>)2-model is a Trotter product of the free 
dynamics oq and an ultra local dynamics ai. D 

The existence of interpolating kink states in P(0)2-models is an 
immediate consequence of Proposition [ 



Corollary 4.4 : Let a G dyn(9Jl) be a dynamics of a P{(j))2-model. 
Then for each pair of vacuum states uji,uJ2 S &o{a,^) there exists 
an interpolating kink state uo € ©{uji,uJ2)- 

Proof. By Proposition |4.3| each dynamics of a P(0)2-model is ex- 



tendible and we can apply Corollary |3.12| which implies the result. 

D 

4.2 The Dynamics of the Yukawa2 Model 

Since the dynamics of a Yukawa2-like model can not be written as a 
Trotter product which consists of a free and an ultra local dynamics, it 
is a bit more complicated to show that these dynamics are extendible. 
We briefly summarize here the construction of the Yukawa2 dynamics 
which has been carried out by J. Glimm and A. Jaffe [^. We also 
refer to the work of R. Schrader |5^, ^ . 

Let OJts and OJta be the nets of Cauchy data for the free Bose and 
Fermi field, represented on the Fock spaces TLs and TLa respectively. 
The Cauchy data of the Yukawa2 model are given by the W*-tensor 
product OJt := OJlg 9Ka of the nets Tls and dJla- Moreover, we set 

Step 1: In the first step, a Hamiltonian, which is regularized by an 
UV-cutoff Co > and an IR-cutoff ci > 1, cq << ci, is constructed. 
For this purpose, one chooses test functions 5cq,Xci £ ^(M) with the 
properties: 

(a) 

supp((5co) C (-Co, Co) and / dx (5co(x) = 1 

(h) 

supp(xci) C (-ci - l,ci + 1) and Xci(x) = 1 

for each x S (— ci,ci). 
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The UV-regularized fields are given by 

(/)(co,x) :=((/>* (5c,)) (x) and V(co,x) := (V' * (5co)(x) (13) 

where is a massive free Bose field and ^ a free Dirac spinor field 
at t = 0. The fields, defined by equation (ll3|) , act on 7io via the 
operators 

$(co,x) := (/)(co,x) (g) 1-H^ and ^(co,x) := 1?^^ (g) V'(co,x) . 

The regularized Hamiltonian H(cq, ci) can be written as a sum of 
three parts: 

(1) The free Hamiltonian Hq which is given by 

Ho = Hq^, In, + In, Ho,a 

where Hq^s and -ffo.a Siie the free Hamilton operators of the Bose 
and the Fermi field respectively. 

(2) The regularized Yukawa interaction term: 

Hy{co,ci) = / dxxci(x) ^(co,x) : ^(co,x)^(co,x) : 

(3) The counterterms: 

TV 
Hc{co,ci) = Y^ Zn{co) / dx Xci(x) : $(x)" : 

n=0 -^ 

where Zn(co) are suitable renormalization constants. 
The following statement has been established by J.Glimm and 



A.Jaffe ^,M: 



Theorem 4.5 : The counterterms Hc{cq,ci) can he chosen in such 
a way that 

(1) the cutoff Hamiltonian H{co,ci) = {Hq+Hy{co, ci)+Hc{co, ci))** 
is a positive and self adjoint operator with domain D{Hq). 

(2) The uniform limit 

R{ci,C)= lim(H{co,ci)-C)-' 

co^O 

is the resolvent of a self adjoint operator H{ci). 

(3) H{ci) is the limit of H{cq,ci) in the strong graph topology. 
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Notation: In the sequel, we shall use the following notation: 
u{co,ci,t) := exp{itH{co,ci)) and u{ci,t) := exp{itH{ci)) . 



Remark: The aim is to show that H{ci) induces a dynamics of 971, 
given locally by the equation 

at\m(x) = Ad( u{ci,t) ) for J|t| := J+ (-|t|,|t|) C (-Ci,ci). 

However, in comparison to the P((^)2-models, there are some more 
technical difficulties which have to be overcome. 

(i) The Hamiltonian H(ci) is only defined as a limit of the Hamilto- 
nians H{co, ci) and it has no mathematical meaning when writ- 
ten as a sum 

Ho + HY{ci) + Hcici) . 

Thus the construction scheme for a dynamics, as it has been used 
for P(0)2-models, does not apply. 

(ii) On the other hand, one might try to apply P{(p)2-like methods 
to the Hamiltonian H(co,ci), for which the UV-cutoff is not 
removed. For this purpose, one wishes to write H{co,ci) as a 
sum 

H{co,ci) = Hi{co,ci) +i?2(co,ci) where Hi{co,ci) induces a 
dynamics ai with propagation speed ps(ai) < 1 and H2{co,ci) 
induces a dynamics a2 with propagation speed ps(a2) = 0. 
The difficulty with writing such a decomposition for H(co,ci) 
arises from the fact that the Yukawa interaction term Hy (cq , ci ) 
induces an automorphism group with infinite propagation speed. 



Step 2: In the next step, one introduces test functions X(x,s,co)) de- 
pending on a bounded interval X, a real number s > and the UV- 
cutoff Co, fulfilling the conditions 

SUpp(X(I,s,co)) C '^2co + \s\+e\'^\s\-e and 

(14) 

X(J,s,co)(x) = 1 if X G l2c^, + \s\\^\s\■ 
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Here e << cq is any sufficiently small positive number. The Hamilto- 
nian H{cq,ci) is replaced by the operator 

H{I, s, Co, ci) := Ho + Hc{co, ci) + Hy{T, s, cq, ci) (15) 

depending additionally on I and s, where -ffy (X, s, cq, ci) is given by 

i7y(T,s,co,ci) := /dx$(co,x) : ^(co,x)^(co,x) : ( Xci(x) - X(J,s,co)(x) 

In order to construct from these data a ci-independent approxi- 
mation of the dynamics which maps 9Jl(T) onto DJKIm), one defines 
the unitary operators 

w{I,co,ci,t) := Y[exp(i-H{ I,{n - j)n~^t,co,ci ) j 
where n is equal to the integral part of \cq t\. The lemma, given 



below, has been established in [32|. 



Lemma 4.6 : | |3^ , Lemma 9.1.2] The adjoint action of ■w{I,co,ci,t) 
induces an automorphism 

a^^'''^ := Ad(iz;(X,co,ci,t)) : 9Jt(J) ^ m{I\t\) 
which is independent of ci . 

Step 3: For technical reasons, to control convergence as cq tends to 
zero, the length of time propagation is scaled, and one defines for 
A S [0, 1] the ci-independent automorphism 

^(J,co,A) _ Ad(u;(T,co,ci,A,t)) : 9Jl(J) -^ Tl{Tu 



\t\, 
where it)(T, cq, ci, A, t) is given by 

n 
J = 

The final approximation is given by averaging over A: 



" / \-t \ 

;(T,co,ci,A,t) := JJexpfi H{I, {n - j)n~^t, co, ci) j 

7 = 1 V "■ / 



apO'^)(a):=ydA/,(A)ap«'')(a) 
where fi is a positive continuous function such that 

fdX /,(A) = 1 and supp(/,) C [1 - A 1], ^ < 1- 
Finally, J. Glimm and A. Jaffe have established the result: 
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Theorem 4.7 : p^, Theorem 9.1.3] There exists a function c : i^^ ci 
with hiTi^_,o Q = such that 

a^ (a) := w — hm aj ''^^' (a) = n(ci, t) a u{ci,t)* (16) 

/or eac/i a G 9Jl(X) and /or each sufficiently large ci . 



4.3 Kink States in Models with Yukawa2 In- 
teraction 

We shall use an analogous strategy as above (step 1- step 3) in order 
to show that the dynamics a^ , which is given due to Theorem 4.7 is 
extendible. 

Theorem 4.8 : The dynamics a^ of the Yukawa2 model is extendible. 

Let us prepare the proof. First, we give a few comments on the 
notation to be used. 

Notation: 

(a) In the sequel, we write w{- • • ) = w{- ■ ■ )®^ and n(- • • ) = u(- • • )®^ 
for the corresponding quantities of the two- fold theory. As in step 
3 above, we also define the automorphism 

af'''''^^=Ad(ti;(J,co,ci,A,t)) 

and the average 

af.^<>'^)(a) = |dA/,(A)af'^-^)(a) . 

(b) Let loq be the vacuum state with respect to the free dynamics 
which is induced by Hq. We denote by ^j the universal localizing 
map of the standard split inclusion A(X) (8) A(X) and we define 
9j:='^x{l(g)UF). 



Lemma 4.9 : The adjoint action of 'w{I,co,ci,t) induces an auto- 
Viiorphism 



^{x,co) .^^x) -^Tl{I\t\) 



which is independent of ci . 
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Proof. By Lemma 4.6, it is sufficient to prove that 

Ad{w{I,co,ci,t))ex 

is ci-independent. Indeed, following the arguments in the proof of 
Proposition |4.3| , we conclude that 

Oj := exp{iTH(I,s,co,ci))'^'^ 9j exp(-irif (J, s,co, ci))*^^ 

is ci-independent for |r| < cq and that 6j is contained in 9JI(X|sj_|_|t-|). 
Composing n such maps, we obtain the lemma. D 



In complete analogy to Theorem 4.7 we have: 
Lemma 4.10 : 

a {a) := w — \mi a\ '^^ (a) = u{ci,t) a u{ci,ty 

For each a £ 9}T(X) and for each sufficiently large c\ . 



Proof. By Theorem 4.7, we conclude that the lemma holds for each 



a £ 9Jl(T) ® Tl{I). Hence it remains to be proven that 

w - hm df '^^'^^ (ej) = u{ci , t) Ox u{ci , t)* . 
The Corollary 9.1.9 of Isl states: 



w;- lim / dA ( 'u)(T,C£,ci,A,t) - ^(q, ci. At) )/£(A) = . 
We define 
eT{i,t) ■= af^'^^XOx) and ^i(^,t) := /dA /^A) Ad( n(Q,ci,At) )9i 

The Schwarz's inequality implies for each -0 £ "Hq ® TCq: 

\{i;,ex{i,t)-ex{i,t)^P)\ 

1/2 

<2||V^||-(/dA/KA) ||(u;(T,Q,ci,A,i) - u(q, ci, At) ^"''H^ 



Since ||(f — 'u)'0|P = 2 • Re(((v — u)7p,uip)), we obtain: 

\{i;,9jii,t)-6xii,t)i;)\ < 4M\ ■ (J dX fe{X) 

1/2 



Re( {w(I,Ci,ci,X,t) - u{ci,ci,Xt) )ilj,u{c£,ci,Xt)'il! 
which proves the lemma. D 
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Proof of Theorem "^T^: We conclude from Lemma 4.1C and Lemma 
|3.11| that the automorphism group a^ is a dynamics of the extended 
net dJl whose restriction to QJt 55 9?l is a^ ^a^ . Thus a^ is extendible. 

D 



Remark: According to |57|, each dynamics a ^ of a quantum field 
theory model with Yukawa2 plus P{(j))2 boson self-interaction is ex- 
tendible. 



Finally, we conclude from Theorem 4.5: 



Corollary 4.11 : Let a ^ be a dynamics of a quantum field theory 
model with Yukawa2 plus -P(0)2 boson self-interaction. For each pair 
uJi,uJ2 of vacuum states with respect to a^'^^, there exists a kink state 

\UJI,UJ2)- 



u! in 6(a^~^^^ 



4.4 Wess-Zumino Models 

One interesting class of quantum field theory models which possess 
more than one vacuum sector are the N = 2 Wess-Zumino models 
in two-dimensional space-time. Their properties have been studied in 



several papers [41, 44, 45, 42, 43 1 and we summarize the main results 
which are established there in order to setup our subsequent analysis. 
The field content of these models with a finite volume cutoff c > 
consists of one complex Bose field (pc and one Dirac spinor field ipc, 
acting as operator valued distributions on the Fock spaces 



Tiaic) := L2iT,,CY'' 

n=0 

OD 

Hsic) := L2(r„C)^^ 



n=0 

where a, s stands for symmetrization or anti-symmetrization of the 
tensor product and L2{Tc,C^) {k = 1,2) denotes the Hilbert space of 
C'^-valued and square integrable functions, living on the circle Tc of 
length c. The net of Cauchy data for the finite volume theory is given 

by 
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where the nets Tic s and Tic a are defined by the assignments: 



j{Mh)+Mf2)) 



Tlc,s ■■ (-C, c) D J ^ Tlc,s{I) ■■= < e 



Tlc,a ■■ {-c,c) Dl^TlcAl) ■■= Mfi),Mf2) 



supp(/j) C I 



supp(/j) C I 



II 



where tTc is the canonically conjugate of (/>c. 

Let Tl := Tlc=oo be the net of Cauchy data in the infinite volume 
hniit, then the map 

'" ■ V W21) ^(/22) ) V Mf2l) Mf22) ) ' '^PP^^^^^ "= ^ "'"^ 

is a W*-isomorphism which identifies the nets 971 and Tic for those 
regions I which are contained in (—c,c). 

The interaction part of the formal Hamiltonian consists of two 
parts. 

(a) A P(0)2-hke part: 



Hp{v,c)= I dx -.Wi^c)?: - -A^c 
(h) A Yukawa2-hke part: 



2 



v"{^c) - 1 

r. V v"{^cT-l 



Hy{v,c):= / dx :^J '^'^^ „,^" ^ U, 



where f is a polynomial of degree deg(v) = n, called superpotential, 
and the fields <l>c and ^c are given by 

$c := 0c «> lw4c) and ^c := lw,(c) ® V'c • 



According to the results of M, 43, 03, H3], it has been shown that 



there is a self-adjoint Fredholm operator Q{v, c), called supersymmetry 

generator, on 

TCo{c) := TCsic) 7ia{c). The Fredholm index of Q{v, c) 

ind(Q(f , c)) = dim ker{Q{v, c)) — dim coker{Q{v, c)) 

has been computed in |4^. The result is 

|ind(Q(f , c))| = deg(t') - 1 . 
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The space TCo{c) may be decomposed TCo{c) = 'H+{c) © TC^{c) into 
the eigenspaces of the fermion parity operator F := (—1)^", where Na 
is the fermion number operator. With respect to this decomposition, 
the operator Q{v, c) has the form 

Q+iv,c) 



The full Hamiltonian of the finite volume model is given by 

Hiv,c)=Qiv,c)^ 
which implies: 

dim ker(ff(f,c)) = |dim ker{Q^{v,c)) — dim ker((5_(w,c))| = deg(7;) - 
The Hamiltonian H{v, c) induces a dynamics a'"''^^ of the finite 



volume model and we conclude from the results of [41|: 



Theorem 4.12 : [41, Theorem 1] There exists at least deg(v) — 1 
vacuum sectors with respect to the dynamics a"" := a(^''^=°°) of the 
m,odel in the infinite volume limit. 

4.5 Kink States in Wess-Zumino Models 

In order to prove the existence of kink sectors, we now apply the 



results which have been established in Section |4.l| and Section ^^ to 
N = 2 Wess-Zumino Models. 

The case deg(t;) = 3." Let us have a closer look at the simplest 
non-trivial case deg(f ) = 3. We let 



v'{z) = \2Z^ + \iZ + X 







As in the previous sections (equation (|13D), we introduce the UV- 
regularized fields: 

$(co,x) := ($*5co)(x) and ^(co,x) := (* * (5co)(x) 

where 5cq is a smooth test function with support in (— co,co). We ob- 
tain for the P(i?!))2-like part of the regularized interaction Hamiltonian 

Hp{v]Co,ci) = /dxxci(x) 



|A2$(co,x)2-hAi$(co,x)-FAo|^ : - : |$(co,x) 
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and for the Yukawa2-like part: 
Hy{v;co,ci) = /dxxci(x) 



■*(cnx)( 2A2$(co,x) + Ai-l _ _ ) ^(^o x) ■ 

■^^'^^''n 2A2$(co,x)* + Ai-1 i^^^O'^^ 



Using the same techniques as in Section [4.1| and Section 4.3, we 
obtain the corollary (see also Corollary 4.11|): 



Corollary 4.13 : Let v be a superpotential of degree deg(i;) = 3. 
Then the following statements are true: 

(1) The dynamics d" G dyn(9Jl) of the model in the infinite volume 
limit is extendible. 

(2) There exists two different vacuum sectors ei,e2 G seco(a^,9Jl) 
and two different kink sectors 6 G sec(ei,e2), 6 G sec(e2,ei). 

The case deg(f) > 3; We close this section by discussing the re- 
maining case. 

In order to show the extendibility of d" G dyn(9Jl), we can try to 
proceed in the same manner as for the case deg(u) = 3. According to 
Section |4l {Step 2 and Step 3), we construct an approximation 



m{I) ^ m{I) 9 a ^ aS"'^''''''V) := /dA fe{X) af'^'^^^'^V) 
of the dynamics a^ a^ of the two-fold theory. Provided that the 



corresponding result of Lemma 4^ is true for the case deg(f ) > 3 



also, the linear maps al'' ''^°' can be extended to the algebra 9Jt(X). 



For the generalization of Theorem [4.8| , it seems that the most dif- 
ficult part is to show that there exists a function c : i >-^ ci with 
lim^^o Q = such that 

a^(a):=t.-lima^^'^-^)(a) . (17) 

The regularized Yukawa-like part of the Hamilton density contains 
terms of the form 

:^«(co,x)M/(^)(co,x): :cl>(co,x)^ 

i,j G {0, 1}, i / j and k < deg(u) - 2, 
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where '^^^' denotes the j-component of the Dirac spinor field ^. Since 



there are contributions with A; > 1, the proof of Theorem i/I_ does not 
directly apply. 

Provided that for each superpotential v the dynamics a"" is ex- 
tendible, we conclude that for each pair of vacuum sectors 61,62 G 
seco{a'",Tl) there exists a kink state uj £ 6(61,62). Then the model 
possesses at least deg(f )(deg(t;) — 1) different non-trivial kink sectors. 

5 Conclusion and Outlook 

In the present paper, a construction scheme for kink sectors has been 
developed which can be applied to a large class of quantum field theory 
models. Most of the techniques which are used, except those in the 
proof of the extendibility of the dynamics, concern operator algebraic 
methods. They are model independent in the sense that they can be 
derived from first principles. There are still some interesting open 
problems and we shall make a few remarks on them here. 

Some further remarks on kink states: Let us consider a 
quantum field theory model (P(0)2, Y2), possessing vacua uji,uj2 which 



are related by a symmetry x- According to Theorem 3.1C , there exists 
an automorphism x which induces a kink state u) = uji o x ■ Note 
that a; is a pure state in this case. 

Alternatively, we obtain a kink state cD by passing to the two-fold 
tensor product of the theory with itself first and then by restricting 
the air-interpolating automorphism /? , whose existence follows also 
from Theorem 3.10| , to the first tensor factor, i.e.: 



Provided the split property for wedge algebras holds for the inter- 



acting vacua 1 53], then, by applying a recent result of M. Miiger |49|, 



we conclude that [uj] is nothing else but the infinite multiple of [w]. 

The problem of reducibility : The problem of reducibility arises 
if the vacua under consideration are not related by a symmetry since 
then our construction scheme leads to kink representations of the form 

vr = 7ri(g)7r2o/?|c.(2[)cg,i 
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where (3 is an automorphism and vri,7r2 are vacuum representations. 
The representation vr is not irreducible and whether vr can be decom- 
posed into irreducible sub-representations is still an open problem. 



Some of our results |54, Theorem 4.4.3] suggest that tt is, in non ex- 



ceptional cases, an infinite multiple of one irreducible component. 

Kink sectors m. d > 1 + 1 dimensions: It would be desirable 
to apply our program to quantum field theories in higher dimensions. 
Let us suppose a theory, given by a net of W*-algebras 21, possesses 
two locally normal vacuum states oji,uj2- 

As a sensible generalization of a kink states to d > 1 + 1, we pro- 
pose to consider locally normal states ui which fulfill the interpolation 
condition: 

'^lc*(2l,5i) = '^llc*(2t,S'i) and ^\c*{%S'^)=^2\c"(%S'^) (18) 

where 5*1, 5*2, 5*1 C 52, are space- like cones. The state uj describes the 
coexistence of two phases which are separated by the phase boundary 
as := S[ n 52. 

Let us assume duality for space-like cones in the vacuum repre- 
sentations under consideration. Furthermore, we presume that the 
inclusion 

A = (2l^,(5i),2l^,(52),f7i) 

is standard split. Here (Wi, vri, ili) is a GNS-triple with respect to wi. 

Unfortunately, for d > 1 + 1 the phase boundary dS is not compact 
and therefore our construction scheme can not directly be generalized 
to higher dimensions. 

In order to overcome this difficulties, we consider a sequence of 
standard split inclusions 

A„:=(2l^,(Oi„),2l^,(02„),17i) 

where Oi„ CC 02n are bounded double cones such that Ojn tends to 
Sj for n — > oo. 

As in the 1 + 1-dimensional case we pass now to the two-fold ten- 
sor product of the theory with itself. Denote by ^a„iX)A„ the universal 
localizing map with respect to the inclusion A„ A„. Since the oper- 
ators 

dn ■= ^A„«,A„(l®1iF) 
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are localized in a bounded region, we may define the following auto- 
morphisms of C*(2l): 

/?n := (tti 8) VTl)"-^ o/3„ O (vTi (g>7ri) . 

We obtain a sequence of states {cun , re G N} where iVn is given by: 

l^n '■= ^l^'^2° /3n\c*{^)iSjl ■ 

For large n the states tOn have almost the correct interpolation prop- 
erty, namely for each pair of local observables a, b where a is localized 
5*2 and b is localized in Si , there exists a sufficiently large A^ such that 

uJn{a) = u)i{a) and ujn{b) = uJ2{b) 

for each n > N. Note that each state a;„ fulfills the Borchers criterion 
since tOn belongs to the vacuum sector [loi]. 

In order to obtain generalized kink states, we propose to investigate 
weak*-limit points of the sequence {a;„, n G N}. Note that each weak*- 
limit Lo^ point of the sequence {a;„,n S N} fulfills the interpolation 
condition (|l8|). It remains to be proven that the weak*-limit points 
are locally normal. 
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